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Abst rac t - - In  this paper, existence criteria for at least three positive solutions to the following 
system of Fredholm integral equations: 
/ol ui(t)= gi(t,s)fi(s, ul(s),u2(s),...,un(s))ds, t E [0,1], l <i <n, 
are established by using the Leggett-Williams fixed-point heorem. The generality of the results 
obtained is illustrated through applications to some well-known boundary value problems. Q 2004 
Elsevier Ltd. All rights reserved. 
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I. INTRODUCTION 
Recently, much attention has been paid to the existence of three positive solutions for some 
well-known boundary value problems, see [1-5]. 
In [6], Agarwal, O 'Regan and Wong have investigated the following system of Fredholm integral 
equations: 
L 
1 
~(t) = g~(t, s)f~(s,~l(s),~2(s),...,~(~)) d~, t e [0,1], l< i<n.  (1) 
Criteria are obtained for the existence of single, double, and multiple constant-sign solutions by 
using Leray-Schauder alternative [7] and Krasnosel'skii's fixed-point theorem in a cone [8]. 
The  purpose of this paper is to provide conditions on the nonlinearities f~ and kernel g~, 
1 < i < n, so that system (I) has at least three positive solutions and our main  tool is the 
Leggett-Williams fixed-point theorem [9]. To illustrate the importance and generality of the 
results obtained, we  will apply it to some well-known boundary value problems. 
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Let E be a real Banach space with cone P. A map a : P ~ [0, +oo) is said to be a nonnegative 
continuous concave functional on P if a is continuous and 
(tx + (1 - t )y)  > t~(~)  + (1 - t )~(y) ,  
for all x, y • P and t • [0, 1]. Let a, b be two numbers uch that 0 < a < b and a a nonnegative 
continuous concave functional on P. We define the following convex sets: 
Po = {x • P :  I1~11 < a}, 
P(a,  a, b) = {x • P : a < a(x), Itxll < b}. 
LEGGETT-WILLIAMS FIXED-POINT THEOREM. Let A : -~ ~ -~c be completely continuous and 
a be a nonnegative continuous concave functional on P such that c~(x) <_ IIxH for a11 x • -Ft. 
Suppose there exist 0 < d < a < b < c such that 
(i) {x • P(a,  a, b): a(x) > a} # ¢ and a(Ax) > a, for x • P(a, a, b); 
(ii) IIAxll < d, for I[xll < d; 
(iii) a(Ax)  > a, for x • P(a,  a, c) with l]Ax]l > b. 
Then A has at least three fixed points Xl,X2,X3 in -~ satisfying Ilxlll < d, a < a(x2), [Ix3[l > d 
and a(z~) < a. 
2. MAIN  RESULTS 
For convenience, we list all the conditions used later as follows. 
(C1) For each 1 < i < n, assume that 
g~(s) =-- g~(t,s) >__ O, t•[0 ,1] ,  a.e. s•  [0,1], 
g~(s) • LI[0, 1], t • [0, 1], 
the map t -~ g~ is continuous from [0, 1] to L 1 [0, 1]. 
(C2) For each 1 < i < n, there exists a constant M~ • (0, 1), H~ • LI[0, 1], and an interval 
Ix1, x2] C_ [0, 1] such that 
g~(t, ~) >_ M~H~(s) >_ 0, 
(C3) For each 1 < i < n, 
g~(t, ~) < H~(s), 
(C4) Assume that k : [0, 1] x [0, oo) ~ --* 
numbers a and d with 0 < d < a such that for each 1 < i < n, 
d 
k(s ,  Ul, u2, . . . ,  u~) < nD---~' s • [0, 1], 
and there exists some i0 • {1, 2 , . . . ,  n} such that 
where 
f¢o(S, Ul,U2,.. .  ,u~) > 
t• [x l ,x2] ,  a.e. s• [0 ,1 ] .  
jr0 
1 
= max gi(t, s) ds, D~ t~[o,l] 
t • [0,1], a.e. s • [0,1]. 
[0, oo), 1 < i < n, is continuous and there exist 
?% 
~ _ ~, (2) 
k=l  
n 
o [°] 
c ' s e [x l ,x2] ,  ~k • a, ~ , (3) 
~o k=l  
Ci o = min f l ~2 gio (t, s) ds, 
~e[x1,~2] d~1 
and M= min M~, 
l< i<n 
here M~ is defined as in (C2). 
Three Positive Solutions 1093 
(C5) Suppose that one of the following conditions holds: 
(H1) 
(H~) 
, ~ 1 
lira max . . t ,  ui, u2,. . ,  u , .  < __  1 < i < n, 
n nDi ' ~k--'°°*e[0'il E uk 
k=l k=l  
there exists a number c such that c > a/M and if t E [0, t] and ~=i  uk _< c, then 
fli(t, u l ,u2, . . .  ,un) < n])~' I < i < n. 
Our main result is the following theorem. 
THEOREM 1. Suppose that (C1)-(Ch) are satis/~ed. Then, system (1) has at/east  hree positive 
solutions. 
PROOF. Let the Banach space E -- (C[0, 1]) n be equipped with norm Ilu]l -- ~=l  luk[ 0, where 
= (~ l ,~ , . . .  ,~)  e Z and I~kl0 = ma~t~I0,~l lu~(t)l. 
Set P = {u = (ul ,u2,. . .  ,un) E E : ui(t) > 0 for t E [0, 1], 1 < i < n}. Then it is obvious that 
P is a cone in E. For u = (ul ,u2, . . .  ,u~) E P, define 
a (u)= E rain uk(t), 
k=l t~[xi,x2] 
and 
where 
(s~)(t) = ( s~ l , s~, . . . ,  s~) ,  t e [o, 1], 
~0 
1 
Sub(t)= g~(t,s)f~(s, ui(s) ,u2(s), . . . ,un(s))ds,  t e [0,1], l< i<n.  
It is easy to check that a is a nonnegative continuous concave functional on P with a(u) < [lull 
for u E P and that S : P --* P is completely continuous and fixed points of S are solutions of 
system (1). 
We first assert that if (H1) holds, then there exists a number c such that c > a/M ~nd 
S:P~--+ P~. 
To see this, suppose 
f~( t ,  u l ,  u2 ,  . . . , u , )  1 
lim max n < n-~i' 
k=i  k=l  
l< i<n.  
Then there exists ~-~ > 0 and cr~ < 1/nD~ such that if uk _> 0 (1 </~ < n) and ~=l  uk > ~'i, then 
max ?% 
te[0,1] ~ u~ 
k=l  
A(t, ul,u2,.. . ,u,) <_ ~, l< i<n,  
that is to say, fi(t, ul, u2, . . . ,  un) <_ cq E~=l uk for t e [0, 1], uk _> 0 (1 < k < n) and E~=l  uk > 
Ti. Set 
/3~=max{f~(t, u l u2 , . . . ,u~) : tE [O,  1], Uk E [O,~'i], 1 <k<n},  1 <i <n. 
Then f~(t,~i,u2,... ,u,~) _< o~ EL I  ~k +#~ for all t e [0,1] and uk >_ 0 (i < k < n). Take 
c > max ~ max n/3iD~ a 
li<~<n 1 - naiDi'  M J " 
1094 J.-P. SUN AND Y.-H. ZHAO 
I f  u = (u~,u2,. • 
ISudo = 
., u?%) e Pc, then for 1 < i _<n, 
/o max gi(t, s)fi(s, ul(s), u2(s ) , . . . ,  u?%(s)) ds te[0,1] 
< max gi(t, s) ai uk(s) + fli 
- tE[o,1] k=l 
max gi(t,s) a iE luk[o+~i 
-< te[oa] k=~ 
C 
_< (~hc +/gi)D~ < - .  
n 
ds 
/01 ds -- (cri Ibll + Z~) max gi(t, s) ds 
tE[O,1] 
7% 
So, lls~ll = E,_-~ Is~,}0 < c. 
Next we assert that  if there exists a positive number  r such that  f i(t ,  ul ,  u2, . . . ,  u?%) < r/nDi, 
?% 
1 < i < n for t E [0,1], uk > 0 (1 < k < n) and Ek=luk <_ r, then S : P~ --~/Dr. Indeed, if 
U = (U l ,  U2, . . .  , Un) E Pr, then 
/o IS~do = max g~( t ,~) /d~,~¢) ,~¢) , . . . ,~(s ) )e~ re[o,1] 
r r 
- - -  l< i<n.  < ~-~.Di  
n' 
Thus, IIs~LL = E~ Is~lo < r. 
Hence, we have shown that  if (C5) holds, then there exists a number  c > a/M such that  S 
maps Pc into Pc. 
Note that  if r = d, then we may assert further that  S maps Pd into Pd by (2). 
Next, we assert that  {u e P(a, a, a/ M) :a(u) > a} 5£ ¢ and a( Su) > a for all u e P(a, a, a/M). 
Indeed, the constant function 
(a+a/M a+a/M a+a/Mh {u P(a , -~ ha) 
Moreover, for u -- (ul ,  u2,..., u~) e P(a, a, a/M), we have 
?% ~% 7% 
-- -- te[zl,=2] -- M - i=1  i=1 i=1 
for all t E [Xl,X2]. Thus, in view of (3), we see that  
/o 1 rain Su io ( t )= min gio(t,s)fio(S, Ul(S),U2(S),...,u?%(s))ds 
tekt,x2] te[~l,~2] 
> min F~gio(t,s)f~o(S, Ul(S),U2(S),...,u?%(s))ds 
- -  t~[z1,x2] J x l
a . j[x x2 > - -  mm gio(t,s) ds = a. 
Cio te[xl,x2] 1 
So, ~(Su)  = E~: l  mint~[=~,~] Sui(t) > n~ntE[=~,~] Suio(t ) > a. 
Finally, we assert that  if u e P(a, a, c) and IISull > a/M, then a(Su) > a. To see this, suppose 
u = (ul,u2,... ,u?%) e P(a,a,c) and IIS~ll > a/M, then we have for 1 < i < n, 
/o 1 min Sudt )= min gi(t,s)fds, ul(s),u2(s),...,u?%(s))ds 
/o 1 >_M~ H~(~)/dS,~l(S) ,~(s) , . . . ,~?%(s))ds 
> M~ max f l  
= MdS~do.  
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Thus ,  
n n n a 
a(Su) = ~-~ nfin Sui(t) >_= ~ Mi [Sui[0 >_ M E ]Sui[o = M [[Su[I > M-~ = a. 
te[xl,~] i=1 i=1 
To sum up, M1 the hypotheses of the Leggett-Williams fixed-point heorem are satisfied by 
taking b = a/M. Hence, S has at least three fixed points, i.e., system (1) has at least three 
positive solutions u = (ul, u%. . . ,  u~), v = (vl, v2,. . . ,  v~), and w = (wl, w2,. . . ,  w~) such that 
[]ul] < d, a < ~-~1 minte[~t,~2] vi(t), [lwll > d and ~l  minte[x~,~2] wi(t) < a. The proof is 
complete. 
3. APPL ICAT IONS TO SOME WELL-KNOWN 
BOUNDARY VALUE PROBLEMS 
Consider the following system of Neumann boundary value problems: 
(4) 
u~(0) = ~(1)  = o, 
where 1 < i < n and for each i, cl > 0 is fixed. 
Let Gi(t, s) be the Green's function of boundary value problem 
-y"( t )  + c,y(t) = 0, t e [0,1], 
y'(0) = y'(1) = 0. 
It is known [10,11] that 
(a) 
eosh (4<(1  - t)) cosh (4< s) 
~/-~ sinh 4< 
cosh (4<(1 - s)) cosh  (4< t) 
1 
g¢(t,s) = C~(t,s), [Xl,X2] = [0,1], M~ = °osh2v ~,  
c°sh2 v/~ 1 < i < n. 
and H~(s) - 4< s inhv~'  
Then, noting (a), (b), and (c), conditions (C1)-(C3) are fulfilled. Theorem 1 reduces to the 
following theorem, which extends the work of Sun, Li and Cheng [4] for the special case of 
system (4) when n = 1. 
THEOREM 2. Suppose that ((74) and (C5) are satisfied. Then, system (4) has at least three 
positive solutions. 
Similarly, we can apply Theorem 1 to other well-known systems of boundary value problems, 
for example, (re, p), Lidstone, Focal, Conjugate, Hermite and Sturm-Liouville, and extend the 
corresponding work in the literature. 
Now, u = (u l ,u2, . . . ,un)  is a solution of system (4) if and only if u is a fixed point of the 
operator S :  (C[0, 1]) n -~ (C[0, 1]) n defined by Section 2 where 
/o 1 sub(t) = G~(t,s)f~(s, ul(s) ,u2(s), . . . ,un(s))ds,  t e [0,1], 1 < i < n. 
Let 
G~(t,s) = { , O < s < t < l, 
4< sinh x/~ , O<t<s<l ;  
(b) Gi(t, s) >_ O, (t, s) E [0, 1] × [0, 1], and Gi(t, s) > O, (t, s) E (0, 1) x (0, 1); 
(o) 
1 < G~(t, s) < °°sh2 4< (t, s) e [0, 1] × [0, 1]. 
x/~ sinh x/~ - - v~ sinh x/~' 
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